Abstract. Using the cluster expansions for n-point Green functions we derive a closed set of dynamical equations of motion for connected equal-time Green functions by neglecting all connected functions higher than 4 th order for the A~4-theory in 1 + 1 dimensions. We apply the equations to the investigation of spontaneous symmetry breaking, i.e. to the evaluation of the effective potential at temperature T = 0. Within our momentum space discretization we obtain a second order phase transition (in agreement with the Simon-Griffith theorem) and a critical coupling of /~crit/4m 2 = 2.446 as compared to a first order phase transition and Ac~t/4rn 2 = 2.568 from the Gaussian effective potential approach.
Introduction
The many-body problem of strongly interacting fermion and/or boson systems is of continuous interest since a couple of decades [1]- [6] , however, still far from proper solutions up to now in the general case. Dyson-Schwinger [7, 8] or parquet resummation approaches [9, 10] have been elegantly formulated in the past and applied to a couple of model systems, but are hard to handle from the more technical point of view. More recently there have been further attempts to develop non-perturbative methods for quantum field theoretical (QFT) problems. Many of the non-perturbative methods used in this context, such as the coupled cluster expansion [11, 12, 13] , originate from standard many-body theory and use states in the Fock representation.
In this work we address a successful method from standard many-body theory, which is formulated in terms of Green functions and therefore of a genuine field-theoretical nature. We propose an approach along the line of n-body correlation dynamics [14, 15, 16] , which describes the propagation of the system in terms of equal-time Green functions * Supported by DFG, BMFT, KFA Jiilich and GSI Darmstadt part of the dissertation of A. Peter (i.e. we use the density matrix formalism). The basic strategy of correlation dynamics is the truncation of the infinite hierarchy of equations of motion for n-point Green functions via the use of cluster expansions, i.e. the expansion of Green functions in terms of connected Green functions (correlation functions) [17] . This approach has been shown to provide quite satisfactory solutions in the nuclear physics context for strongly interacting fermion systems [18, 19] and has been applied to dense pionic systems as well [20] where the question of bose-condensates is of primary interest [21] . In this work we extend the method of n-body correlation dynamics to the quantum field theoretical problem of strongly interacting scalar fields and go up to the connected 4-point level, i.e. we include the 2-, 3-and 4-field correlation functions, Whereas for relativistic systems with a nonlocal interaction our method does not guarantee a covariant description, since retardation effects can not be included due to the equal-time formalism, there is, however, no objection against the use of an equal-time formalism in the case of a local relativistic field theory as long as one consistently includes Green functions containing canonically conjugate field momenta as well as the fields themselves. This paper is organized as follows: In Sect. 2 we describe the derivation of the correlation dynamical equations of motion for ~4-theory in 1 + 1 dimensions as an illustrative model case; the final set of equations itself is shifted to appendix A in view of its length. Section 3 is devoted to the first application of the method to the scalar field theory. In particular, we evaluate the effective potential at zero temperature within various limits and thus investigate the symmetry breaking or the properties of the phase transition as a function of the coupling strength and the connected n-point functions employed.
Correlation dynamics for ~4+l-theory
For our exploratory study we consider the Lagrangian density S:10~0~0_ 1 2 2 1144
in one space and one time dimension, which corresponds to the Hamiltonian 1]
where 7r = Ore and rn0 is the bare mass of the scalar field r
In order to evaluate the effective potential of the theory at zero temperature, i.e. the minimum of the energy density for a given field expectation value (r we decompose r into a classical and a quantum part according to r = ~0 + ~5,
where ~0 is a real constant and assume (~5} = 0, i.e. (r = ~0.
Since 4i0 is a constant, we have
The Hamiltonian, expressed in terms of the classical part ~50 and the quantum part 4~ of r then reads
H= g dx H 2 + \ ~x ] + (2eomg + 2Ae
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For the time evolution of ~ and H we obtain with (6) and the canonical equal-time commutation relations
[~(x, t), 4~(y, t)] = [LC(x, t), H(y, t)] = 0, [qS(x, t), g(y, t)] = iE(x -y)
by means of the Heisenberg equation:
Ot~= 11,
0,/~ ---(e0~ + xe0 ~)
-I-(0 2 --T/~ 2 3/~ 2) ~i~ --3)~/)0~i~ 2 --,~3.
In analogy to (8) we get the equations of motion for equaltime operator products of ~ and 17, e.g.
Ot (~(Zl, t)qS(x2, t)) = H(Xl, t)~5(x2, t) + ~)(Xl, t)H(x2, t) , o~ (m~, t)~(~, t)) = [-(~o.~ + ~) + (0~ -.~ -3~) ~(~,, t) -3~0~(~, t) -)@3(Xl, t)] O(xa, t) + II(z~, t)II(x:, t), .... (9)
After taking their expectation values, the equations of motion for all possible n-point equal-time products of ~ and H comprise an infinite hierarchy of equations of motion for equal-time Green functions. The analogon of this in nonrelativistic many-body theory is the BBGKY (Born Bogoliubov Green Kirkwood Yvon) density matrix hierarchy [22] . Since we are considering a local field theory, the equations of motion for the Green functions contain no retardation integrals, which implies that working in an equal-time limit is sufficient for describing the propagation of the system as long as one considers all Green functions containing the fields as well as their conjugate momenta. For practical purposes, the infinite hierarchy of coupled differential equations of first order in time has to be truncated. This is done using the cluster expansions for n-point Green functions [17] , i.e. their decomposition into sums of products of connected Green functions, which works as long as the system is in a pure phase [23, 24] . The explicit form of the cluster expansions can be derived from the generating functionals of full and connected Green functions, Z [J, o] and W[J, (7] , given by Z[j, (7] : Tr{pT[eifd2~(J(~)~ and Z[J, (7] = e w [J'~] , (10) respectively, where T is the time ordering operator and p is the statistical density operator describing the pure or mixed state of the system (Trp = 1) and :~ = (x, t). We start with the cluster expansions for the time-ordered Green functions with different time arguments: 
J,~,-,o igJ(2c~) i5J(:~2) + (~W[J,(7]) (~W[J,(7]) } e w[J'~l
The expressions for equal-time Green functions are obtained by taking the well-defined equal-time limit which yields the appropriate operator ordering in the cluster expansions. We arrive at 
((I)(Xl )~I)(X2)~T)(X3) } = (~)(Xl)~(X2)~(X3) } c +(4(xO4)(x2)L @(x3)> + (4(x~)g,(x3))~(g,(x2)>
4-(~(x2)~5(x3)}c (~(Xl)) + (qS(Xl)} (~(x2)} (qS(x3)) ,
